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Abstract

In this paper,the constructionandanalysisof multiple
input multiple output (MIMO) subnetsis presented.Hier-
archicalTime-ExtendedPetri Nets (H-EPNs),allow for the
generationof MIMO subnetsthrough bottom-upsynthesis
techniquessimilar to thosediscussedin PN literature [3].
A simple transformationof theseMIMO subnetstructures
into equivalentsingle input singleoutput (SISO) subnetsis
discussed.Thisapproachallowsfor thedevelopmentof ahy-
brid approachto systemsmodelingusingH-EPNswherethe
top-downdecompositionmethodsmay be easily integrated
with the bottom-upsynthesismethods.

1. Introduction

Petri nets(PNs)area graphicalandmathematicalmod-
eling tool. The PN representationof a systemconsistsof
placesandtransitions(representedasa circle andrectangle,
respectively,in a PN representation),with tokensflowing
along the arcsinterconnectingthem. Thesetokensareused
to simulatethe dynamicandconcurrentactivitieswithin the
system. As a mathematicaltool, PNs are usedto describe
the behavior of the systemthey represent,as state equa-
tions and algebraicequations.PNs and their modifications
havebeenprovento beusefulfor the modelingandanalysis
of severalclassesof systems,including computersystems,
software,communicationnetworks,production/processcon-
trol systems,knowledge-basedsystems,and manufacturing
systems. Murata, in his tutorial-reviewpaperon PNs [2],
providesa thoroughreview of the PN history and their ap-
plication areasconsideredin the literature.

Thereexistsone basicdisadvantagerelatedto the ap-
plicability of PNsfor the modelingandanalysisof complex
systems:the problemof state-spaceexplosion(alsoreferred
to asPN complexity). Even for a moderatelysizedsystem,
thecomplexityof the designmakesthePN modelunreason-
ably complexto handle.Thus,theproblemof systematically
constructinga PN model that hasdesirableproperties,sur-
faces.

Generally,PN modelingtechniquesdealwith the prob-
lem of PN statespaceexplosioneitherby top-downdecom-
positionmethods,thatis, by meansof subnetabstractions,or
by bottom-uptechniquesthat preserveoverall systemprop-
erties once the propertiesof individual subnetshave been
established.A top-down decompositionapproachleadsto
the definition of subnetsand subnetsare defined and de-
velopedsuch that they do not violate the propertiesof the
overall net. A bottom-upapproachto the developmentof a

PN systemmodelwill lead to the creationof PN structures
that are not essentiallySISO. Researchon PN extensions
to systemsmodeling / analysishavefocusedon the useof
SISOsubnetstructuresbecausetheyareeasyto developand
analyze.More on theseapproachesmay be found in [1, 5]
and referencestherein. Though thesetwo approacheshave
beendiscussedindependentlyin greatextentin PN literature,
theredoesnot exist a PN extensionthat will accommodate
modeldevelopmentandanalysisof MIMO nets.TheH-EPN
approachto PN modelingaddressesthis issueby addingthe
notion of activator arcs and modeling independentsubnet
initiations (separatelydefined subnetsas well as indepen-
dentsubnetswithin a MIMO subnet)by meansof conjugate
places. The idea of using activator arcs has beenderived
from usingExtendedPetriNets(EPNs)in themodelingand
analysisof materialshandlingsystems[4]. The advantages
of activatorarcshavebeenexaminedcloselywith respectto
modelingissues[3]. Activator arcsare advantageouswhen
multiple subnet/operationinitiations arerequired. Onesuch
applicationmay involve theneedto run differentalgorithms
/ evaluationstrategieson samesetsof data.

H-EPN MIMO subnetsare defined by means of a
bottom-upapproachto PN modelgeneration,similar to var-
ious otherwork in literature. The SISOsubnetsthat are in-
dependentlydefined are combinedthroughcommonplaces,
transitionsandarcsto definea MIMO subnet.Sucha MIMO
subnetis then transformedto a correspondingSISO subnet
for easyintegration(asa SISOsubnet)into a top-downde-
compositionof the overall systemmodel. The advantageof
this approachis that alreadyestablishedanalysistechniques
can be easily adaptedto be used within this framework.
Moreover, it also simplifies the generationof highly com-
plex PN structures. The extensions/modificationssimplify
the modelingand analysisof any hierarchicallydecompos-
ablesystem.Thegeneralizations/modificationsarerelatedto
the following:

i) Five different typesof placesare defined,
ii) Two different typesof transitionsaredefined,
iii) Two different zero-weightedarcs are defined. These

are the activator and inhibitor arcs. More on the arc
extensionsmay be found in [3, 4], and,

iv) Two different types of tokensmake up the graphical
systemmodel,referredto asthesolidanddottedtokens,
respectively.

The graphicalrepresentationof the placesand arcs in
a H-EPN design is shown in Figure 1a. The ss place
(Figure 1b) is essentiallya specializedsubnetplaceof two



immediatetransitionsand four statusplaces. The dotted
arcsrepresentthe connectionsthat areusedto studysystem
propertiesduring simulation. This structurefor the ssplace
implicitly adheresto thepropertythateverysourceplacehas
a correspondingsink place in the net, therebyallowing for
tokenconservation(that is, all tokensthat enterthe system,
exit the system). This factor is important for ensuringthe
propertyof systemboundedness.

As an individual entity, a subnet place is not live;
its livenessis dictated by the dynamic flow of tokens in
the net. Such a property is called “quasi-liveness”. A ss
placeis requiredto testthepropertiesof a quasi-livesubnet.
Decision,actionor statusplacesarealwaysthe entry places
to, and exit placesfrom a subnet. A ss place is useful for
analyzingthe propertiesof subnetplaces,sincethey canbe
usedto studyindividual subnetpropertiesasshownin Figure
1c. As mentionedearlier,therestrictionthatthesubnetplace
be a SISO place is relaxed, therebyallowing for multiple
points of entry to and/or exit from the subnet. In such a
case,everypoint of entry is associatedwith a corresponding
point of exit. That is, individual SISO nets which share
common places,transitionsor arcs are combinedto form
H-EPN MIMO nets and this is similar to the bottom-up
synthesisof PN models.
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MIMO-SISO transformationand properties are dis-
cussedin sectiontwo. Sectionthreeconcludesthe paper.

2. MIMO-SISO Subnet Transformation
and Properties

In H-EPNs, MIMO subnetsare createddue to oper-
ation abstractionwith respectto the resourcesused. This
definition of a subnetplacealso implies that similar oper-
ationsperformedat different systemareasmay be grouped
togetheras a single subnetplace. The statusof the initia-
tion of suchan operation(representedby a subnetplace)is
maintainedby a conjugateplace. Thus, althougha subnet
placemay lead to the firing of different transitionsafter the
completionof associatedoperations,theuseof theconjugate
placeaids in resolvingsuchconflicts. The conjugateplace
providesfor context sensitivity in subnetinitiations. This
meansthatdifferentinstantiationsof thesameMIMO subnet
correspondingto the respectiveSISO subnetsthat form the
MIMO subnetarepossibleandinformationregardinga par-
ticular instantiationis maintainedby meansof the conjugate
placeat the higher level net. Figure 2b illustratesa simple
MIMO subnetgeneratedby a sharedresourceplace,pr and
Figure 2c showsa more complexMIMO subnetgenerated
by sharedplaces,pr and pq, wherepr is a sharedresource
and pq sequencesthe operationsof the two SISO subnets
of the MIMO subnet. It is to be noted that when such a
MIMO subnetplaceis usedat a higher level of abstraction,
the two individual SISOnetsdo not essentiallygetactivated
right after one another. They occur in sequencebut other
operationsrepresentedat the higher level net or by other
MIMO netsmay be inter-spacedbetweenthesetwo opera-
tions. Moreover,whentheyarenot initiated alternativelyby
a higher level net deadlockwill occur. Although providing
greatermodelingflexibility, this approachto PN modeling
necessitatesgreatercare while designinghigher level nets
and correspondinglower level MIMO subnets. It is to be
noted that when we talk aboutsubnetlivenesswe actually
refer to the quasi-livenessof subnets.

Beforeproceedinglet usdefine someof thebasicterms
usedin the rest of this paper.

Definition 1: Well Formed Subnet(WFS): A well
formedsubnetis a SISOmarkedgraphthat is bounded,
live andreversible.The net in Figure2a is a WFS.
Definition 2: Successor( � (ti)): A transitiontj is said
to be a successorof a transitionti , � (ti ), if thereexists
a place,pk, or a setof places,pk .... pk+r, suchthat:
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Figure 2. SISO/MIMO PN Examples

Note: Observethat if a net is reversible,then s * (ti) =
tj and s * (tj) = ti .

Definition 3: Well DefinedBlock (WDB): A WDB is
a SISO subnetplace, psu

j such that if a ss place pss
i

is introducedsuch that equation(2) is true, then the
combinednet is live, boundedand reversible. Thus,a
well formedsubnetis a WDB. Figure 2a is a example
of a WDB.
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Definition 4: Interacting Subnet(IS): An interacting
subnetis madeof two or more WDB’s psu

j ����� �|K¡+|£¢¥¤+¡
n being the numberof WDB’s sharingthe

sameset of resources.

Definition 5: MIMO Subnet: If the individual WDBs
of an interactingsubnetof two or moreWDB’s canbe
orderedsuchthat: (i) equation(3) is satisfied,and, (ii)
the combinednet is live, boundedand reversible,then
it is called a well formed MIMO subnet. In such an
ordering,a set of ssplacespss

i ��� � � |K¡+|§¦¨¤+¡ are
introducedto form a combinednet with the interacting
subnet.Figures2b and2c areexamplesof well formed

MIMO subnets.
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N:         Overall net/subnet at a level i
X:         MIMO Subnet of Net N, with subnets A and B
A, B:     Subnets of X sharing resources pr1... prk
XA, XB: Different Initiations of X in Net N pertaining to different 
              operations associated with the shared 
              resource(s) pr1...prk 
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Definition 6: SU-Connection(SUC): A SU-Connection
(refer Figure 3a) (subnetconnection)is said to be es-
tablishedbetweena net N and a MIMO subnetXmimo³

N, whena WDB, psu
j ³ X andits conjugateplacein

N are markedby a transitionfiring in N.
Definition 7: Subnet Activation Time (Nti (XA)):
Nti(XA), representsthe i th instanceof activationof a
subnetXA in net N.
Definition 8: QR Set: A transition, ti , is said to be
associatedwith a QR set,if thereexist a setof disjoint
placesPQ andPR suchthatPQ is thesetof placeswhich
inhibit ti andPR is the setof placeswhich activateti .



Definition 9: Dependentand IndependentWDBs: Sup-
posethereexist3 WDB’s XA , XB andXC belongingto
a MIMO subnetXmimo of a net N.
Then,XC is an independentWDB andXA , XB arede-
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(4).

Thatis, XC is not affectedby anysharedplacesif all the
sharedresourcesareavailablefor its initiation, whereas
XA andXB are sequencedby a sharedplace.

The following arethenobservedfrom theabovedefini-
tions regardingthe resource,pr

¶
Pri , 1 ≤ i ≤ s, andpm:

• pr is usedin the operationsof Net N outsideof X if
XA , XB are temporallyspacedin N.

• pm is usedin thecommunicationbetweenXA , XB when
they are triggeredalternativelyor simultaneously(that
is, •(XA) = •(XB)) in N.

Moreover, it can be noticed that the MIMO subnetin
Figure2b consistsof 2 independentsubnetswhile theMIMO
subnetof Figure2cconsistsof two dependentsubnets,which
sharea commonplacepq that determinesthe livenessof the
MIMO subnet,and hencethe overall net.

Considerthenetin Figure3. Let X betheMIMO subnet
of a net N consistingof 2 WDBs XA andXB suchthat XA

and XB are initiated by N at different time instances.Let
XA and XB encapsulatea resourcerepresentedby a status
place pri

¶
X.

The following factscanthenbe observed/ established:

Fact 1: A MIMO subnetis madeup of two or more
WDB’s.

Fact 2: If a resource(or a setof resources)represented
by a place pri is required in a higher level net (Net N in
Figure 3) then thereexistsat least2 WDB’s XA andXB

¶
X, X

¶
N andX

¶
Psu which overseetherequestandrelease

of theresource(s)whenresourcefailure identificationis built
into the requestand releaseoperation.

Theorem1: A ssplace is a WDB.
Proof: Theproofof this theoremis trivial. This is becauseif
two ssplacespss

i andpss
j arecombinedusingtwo temporary

transitionsts and tf then oneof the ss places,saypss
i , can

be consideredto function as a WDB connectedwith a ss
place,pss

j . Equation2 holds for this combinednet.
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Figure 4. MIMO — SISO Translation

Theorem2: For everywell formedMIMO subnet,sayXmimo,
there existsa well formedSISOsubnet,Xsiso, that represents
thesamesetof operations,suchthatoperationscorrespond-
ing to the individual WDB’s in Xmimo, sayh, correspondto
h branchesthat are activateddueto the firing of oneof the
h transitionsthat are outputto thesingleinput place,ps, to
Xsiso.
Proof: It is to be recalledthatH-EPNsallow the useof in-
hibitor andactivatorarcs.TheMIMO-SISO transformation
is a 2–stepprocessas illustratedin Figure 4:

• Creating a SISO structure: Remove all the input
placesof the WDBs and replace them by a single
decisionplace,ps, with output arcsrunning from the
decisionplace to all the output transitions,say th â
Th, (Th is a set of transitions)of the placesremoved
. Removeall outputplacesfrom the individual WDBs
andreplacethemby a singleplacepf which will bethe
final outputplacefor all theWDBs. Thetransitionthat
this placewill fire at thehigherlevelneton completion
of the subnetoperationwill dependon the conjugate
placethat was simultaneouslymarked

• QR set development: For eachtransition in Th, that
is output to the placeps, the setQ consistsof all the
placesthat inhibit the transition from firing, and the
set R consistsof the correspondingconjugateplace
(placeswith implicit activatorarcsto thecorresponding
transtions)at the higher level net. Sets Q and R
may also containother constraintsthat can affect the
selectionof the particularWDB of the MIMO subnet.

Thus,thesenewtransitionswith QRsetswill havetwo more
conditions to satisfy before they are enabled[3]. These
conditionscorrespondto theactivatingandinhibiting places
(all suchplacesmay not necessarilybe conjugateplacesat
the higher level net, they may also be other placesat the
higherlevel net) that areassociatedwith the corresponding
transitions.

While usingPN simulationtools that do not allow the use
of activator arcs, for simulation purposes,the following



approximationtechniquecan be used. The token from the
correspondingconjugateplacewill be removed(by means
of anordinaryarcdefinition from theconjugateplaceto the
correspondingtransition)thusactivatingtheWDB andthen
reintroducedwhen the last place of the WDB is marked.
Thus, this will involve a simple graphicalmodificationof
the H-EPN systemmodel.

Theorem3: LetN bethenetthatcontainstheMIMO subnet
Xmimo with a correct initial marking ã N0. Let XA and XB be
WDBsof X thatare SUCin N.LetSbethenetobtainedafter
the SUC of XA (or XB). Then:

• S is boundedä N is bounded.
• S is live ä N is live.
• S is reversibleä N is reversible.

Proof: Let ã S0 be the correctinitial markingof S suchthat
for everyplacepi å PS, æ S0(pi) = æ 0(pi) andfor everyplace
pi å PN, æ N0(pi) = æ 0(pi).

Let XA andXB subnetsin Xmimo å N, andlet XA ç andXB ç
be the correspondingconjugateplacesin N. Let psa andpsb

be the starting placesof XA and XB in Xmimo. Let [Qa,
Ra] and [Qb, Rb] be the QR setsof (psa)• and (psb)• in a
correspondingSISO transformation.

By Definition 5, Xmimo is bounded,live andreversible.Two
casesmay be distinguished.The WDBs XA , XB å Xmimo

may be either dependentor independentWDBs.

Case1: XA , XB å Xmimo are independentWDBs. In
this case,there do not exist placesin Xmimo, or the
equivalentXsiso, thatsequencethesubnetsXA andXB.èvémêUëvì/íÂî"ìyïvð_ë ì/ñ�î"ìyïvò
ó.ô5õ ì ï î�ì í�ö ì ñ ë
÷øî"ìyù ö®ú ù©ë ó.ô5õ
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(5).

Thus,since,XA , XB are independentWDBs

a. S is bounded' N is bounded.
b. S is live ' N is live.
c. S is reversible ' N is reversible.

Case2: XA , XB å Xmimo are dependentWDBs.

a. N is live, boundedandreversibleimplies that:

• XA , XB have an ordering(A, B), that is, (
a sequenceof transitionsandplaces,ti , psu

a,
ti+1, pi+1, .........tj , psu

b in N, suchthat:
) � ý�*+�,�� î ) �- çí � î ê þ� ý *+�,�� ) î.�% çí � ) î ê
þ0/21Ñî ) � ý þ3/21 �
&4&4&4&5&
ê 
 î )76 ý�8+�,�9 î ) �0 çñ � &

(6).

• Thus, Nti(XA) < Nti(XB) and Nti+1(XA) >
Nti(XB).

• XA ç å Qb, XB ç å Qa, XA ç å Ra, andXB ç å
Rb in the equivalentXsiso transformation.

Thus,theSUCin N alternatesbetweenSUCA and
SUCB. Thus,S is bounded,live andreversible.

b. To provethatN is bounded,live andreversibleif
S is bounded,live andreversiblerefer to Equation
5. S consistsof placesandtransitionsfrom N and
Xmimo. If S is bounded,live and reversiblethen
Xmimo is bounded,live and reversible. And æ S0

(pi) = æ N0 (pj)
ö æ A0 (pk), where,pi å PS, and

pj å PN and pk å PA . Thus, if æ S0 (pi ) gives a
bounded,live and reversiblemarking for net S,
then æ N0 (pj) givesa bounded,live andreversible
marking for net N.

3. Conclusions

A MIMO-SISO transformationhasbeenestablishedin
this paper which provides flexibility to systemsmodeling
with H-EPNs.The analysisof MIMO netsaresimplified by
the MIMO-SISO transformationthat is easily providedby
the H-EPN structure.
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