On the Construction and Analysis of Multiple Input Multiple Output Subnet Structures

Srinivasan Ramaswamy Kimon P. Valavanis

Roboticsand Automation Laboratory, The Apparel-CIM Centerand The Center for Advanced
Computer Studies, The University of Southwestern_ouisiana, Lafayette, LA 70504,USA.

Abstract

In this paper,the constructionand analysisof multiple
input multiple output (MIMO) subnetsis presented. Hier-
archical Time-ExtendedPetri Nets (H-EPNSs), allow for the
generationof MIMO subnetsthrough bottom-up synthesis
techniquessimilar to thosediscussedn PN literature [3].
A simple transformationof theseMIMO subnetstructures
into equivalentsingle input single output (SISO) subnetsis
discussedThisapproachallowsfor the developmenbf a hy-
brid approacho systemanodelingusingH-EPNswherethe
top-down decompositionrmethodsmay be easily integrated
with the bottom-upsynthesismethods.

1. Introduction

Petrinets(PNs)area graphicaland mathematicamod-
eling tool. The PN representatiorof a systemconsistsof
placesandtransitions(represente@s a circle andrectangle,
respectively,in a PN representation)with tokensflowing
alongthe arcsinterconnectinghem. Thesetokensare used
to simulatethe dynamicand concurrentactivities within the
system. As a mathematicakool, PNs are usedto describe
the behavior of the systemthey represent,as state equa-
tions and algebraicequations. PNs and their modifications
havebeenprovento be usefulfor the modelingandanalysis
of severalclassesof systems,including computersystems,
software,communicatiometworks,production/processon-
trol systemsknowledge-basedystems,and manufacturing
systems. Murata, in his tutorial-review paperon PNs [2],
providesa thoroughreview of the PN history and their ap-
plication areasconsideredn the literature.

There exists one basic disadvantageelatedto the ap-
plicability of PNsfor the modelingand analysisof complex
systems:the problemof state-spacexplosion(alsoreferred
to asPN complexity). Evenfor a moderatelysizedsystem,
the complexity of the designmakesthe PN modelunreason-
ably complexto handle. Thus,the problemof systematically
constructinga PN model that hasdesirableproperties,sur-
faces.

Generally,PN modelingtechniquesieal with the prob-
lem of PN statespaceexplosioneitherby top-downdecom-
positionmethodsthatis, by meansf subnetabstractionsor
by bottom-uptechniqueghat preserveoverall systemprop-
erties once the propertiesof individual subnetshave been
established. A top-down decompositionapproachleadsto
the definition of subnetsand subnetsare defined and de-
velopedsuchthat they do not violate the propertiesof the
overall net. A bottom-upapproachto the developmenof a

PN systemmodelwill leadto the creationof PN structures
that are not essentiallySISO. Researchon PN extensions
to systemsmodeling/ analysishave focusedon the use of
SISOsubnetstructureshecausehey areeasyto developand
analyze. More on theseapproachesnay be found in [1, 5]
and referencegherein. Thoughthesetwo approachehave
beendiscussedndependentlyn greatextentin PN literature,
theredoesnot exist a PN extensionthat will accommodate
modeldevelopmenandanalysisof MIMO nets. TheH-EPN
approachto PN modelingaddressethis issueby addingthe
notion of activator arcs and modeling independentsubnet
initiations (separatelydefined subnetsas well as indepen-
dentsubnetswithin a MIMO subnet)by meansof conjugate
places. The idea of using activator arcs has beenderived
from using ExtendedPetri Nets (EPNs)in the modelingand
analysisof materialshandlingsystemg4]. The advantages
of activatorarcshavebeenexaminedcloselywith respecto
modelingissues[3]. Activator arcsare advantageousthen
multiple subnet/operatioinitiations are required. One such
applicationmay involve the needto run differentalgorithms
/ evaluationstrategieson samesetsof data.

H-EPN MIMO subnetsare defined by meansof a
bottom-upapproachto PN modelgenerationsimilar to var-
ious otherwork in literature. The SISO subnetghat arein-
dependentlydefined are combinedthroughcommonplaces,
transitionsandarcsto definea MIMO subnet.Sucha MIMO
subnetis then transformedto a correspondingSISO subnet
for easyintegration(as a SISO subnet)into a top-downde-
compositionof the overall systemmodel. The advantageof
this approachs that alreadyestablishednalysistechniques
can be easily adaptedto be used within this framework.
Moreover, it also simplifies the generationof highly com-
plex PN structures. The extensions/modificationsimplify
the modelingand analysisof any hierarchicallydecompos-
ablesystem.The generalizations/moficationsarerelatedto
the following:

i) Five differenttypesof placesare defined,

i) Two differenttypesof transitionsare defined,

iii) Two different zero-weightedarcs are defined. These
are the activator and inhibitor arcs. More on the arc
extensiongmay be found in [3, 4], and,

iv) Two different types of tokensmake up the graphical
systemmodel,referredto asthe solid anddottedtokens,
respectively.

The graphicalrepresentatiorof the placesand arcsin
a H-EPN designis shown in Figure 1a. The ss place
(Figure 1b) is essentiallya specializedsubnetplace of two



immediate transitionsand four statusplaces. The dotted
arcsrepresenthe connectionghat are usedto study system
propertiesduring simulation. This structurefor the ssplace
implicitly adherego the propertythateverysourceplacehas
a correspondingsink placein the net, therebyallowing for
token conservation(that is, all tokensthat enterthe system,
exit the system). This factor is importantfor ensuringthe
property of systemboundedness.

As an individual entity, a subnetplace is not live;
its livenessis dictated by the dynamic flow of tokensin
the net. Such a propertyis called “quasi-liveness A ss
placeis requiredto testthe propertiesof a quasi-livesubnet.
Decision,actionor statusplacesare alwaysthe entry places
to, and exit placesfrom a subnet. A ssplaceis useful for
analyzingthe propertiesof subnetplaces,sincethey canbe
usedto studyindividual subnetpropertiesasshownin Figure
1c. As mentionecearlier,therestrictionthatthe subnetplace
be a SISO place is relaxed,therebyallowing for multiple
points of entry to and/or exit from the subnet. In sucha
case.everypoint of entry is associatedvith a corresponding
point of exit. That is, individual SISO nets which share
common places, transitionsor arcs are combinedto form
H-EPN MIMO nets and this is similar to the bottom-up
synthesisof PN models.
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Figure 1. Placesin an H-EPN

MIMO-SISO transformationand properties are dis-
cussedn sectiontwo. Sectionthreeconcludeshe paper.

2. MIMO-SISO Subnet Transformation
and Properties

In H-EPNs, MIMO subnetsare createddue to oper-
ation abstractionwith respectto the resourcesused. This
definition of a subnetplace also implies that similar oper-
ations performedat different systemareasmay be grouped
togetheras a single subnetplace. The statusof the initia-
tion of suchan operation(representedyy a subnetplace)is
maintainedby a conjugateplace. Thus, althougha subnet
placemay leadto the firing of differenttransitionsafter the
completionof associate@perationsthe useof the conjugate
placeaidsin resolvingsuch conflicts. The conjugateplace
providesfor contextsensitivity in subnetinitiations. This
meanghatdifferentinstantiationf the sameMIMO subnet
correspondingo the respectiveSISO subnetsthat form the
MIMO subnetare possibleandinformation regardinga par-
ticular instantiationis maintainedoy meansof the conjugate
placeat the higherlevel net. Figure 2b illustratesa simple
MIMO subnetgeneratedy a sharedresourceplace,p; and
Figure 2c showsa more complexMIMO subnetgenerated
by sharedplaces,p; and pq, wherep; is a sharedresource
and py sequenceshe operationsof the two SISO subnets
of the MIMO subnet. It is to be noted that when sucha
MIMO subnetplaceis usedat a higherlevel of abstraction,
thetwo individual SISO netsdo not essentiallyget activated
right after one another. They occur in sequencebut other
operationsrepresentedat the higher level net or by other
MIMO nets may be inter-spacedetweenthesetwo opera-
tions. Moreover,whenthey arenot initiated alternativelyby
a higherlevel net deadlockwill occur. Although providing
greatermodeling flexibility, this approachto PN modeling
necessitategreatercare while designinghigher level nets
and correspondindower level MIMO subnets. It is to be
noted that when we talk aboutsubnetlivenesswe actually
refer to the quasi-livenes®f subnets.

Beforeproceedindet us define someof the basicterms
usedin the rest of this paper.

Definition 1: Well Formed Subnet(WFS): A well
formedsubnetis a SISOmarkedgraphthatis bounded,
live andreversible.The netin Figure2ais a WFS.
Definition 2: Successofo(tj)): A transitiont; is said
to be a successoof a transitiont;, o(t;), if thereexists
a place,pg, or a setof places,p .... pk+r, suchthat:

(tigr)e = prgr = o(i;)
Thus, t;y1 = o(t;)

tivr = 0°(t;),

where the * indicates that the

distance is greater than a unit,

and

(D).

that is, the transitions are not immediate

succesors but are probable distant successors.
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Figure 2. SISO/MIMO PN Examples

Note: Observethatif a netis reversiblethens”(t;) =

tj ando*(tj) = ti.

Definition 3: Well DefinedBlock (WDB): A WDB is

a SISO subnetplace, psy suchthat if a ss place pss

is introducedsuch that equation(2) is true, then the
combinednetis live, boundedandreversible. Thus, a
well formedsubnetis a WDB. Figure 2a is a example
of a WDB.

Let p, and py be the first

and last places of the subnet place pgu
o(ps) =t; = (st) ° and

(pr)e = t, =o(pl,)

).

Definition 4: Interacting Subnet(IS): An interacting
subnetis madeof two or more WDB'’s psj 1 < j <
n; n > 2; n being the numberof WDB’s sharingthe
sameset of resources.

Definition 5. MIMO Subnet: If the individual WDBs
of an interactingsubnetof two or more WDB’s canbe
orderedsuchthat: (i) equation(3) is satisfied,and, (i)
the combinednet s live, boundedand reversible,then
it is called a well formed MIMO subnet. In suchan
ordering,a setof ssplacespsd 1 < i < n; n > 2; are
introducedto form a combinednetwith the interacting
subnet.Figures2b and 2c areexamplesof well formed

MIMO subnets.

Let ps; and pyj be the first

and last places of the subnet place pl,
*(ps1) =t = (ps) o and
(pr1)e =tz = o(pg,),

. A3).
'(st) =tp = (1’&5) ° and
(pj)e = tsi = o(pl,),
L (psn) = tfn = (pgs) b and
(prn)e = tar = o(py,)
N
N: Overall net/subnet at a level i
X: MIMO Subnet of Net N, with subnets A and B

A, B:  Subnets of X sharing resources prl... prk

XA, XB: Different Initiations of X in Net N pertaining to different
operations associated with the shared
resource(s) prl...prk
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Figure 3. MIMO Net structure

Definition 6: SU-ConnectiofSUC): A SU-Connection
(refer Figure 3a) (subnetconnection)is said to be es-
tablishedbetweena net N and a MIMO subnetXmimo

€ N, whena WDB, ps/ € X andits conjugateplacein

N are markedby a transitionfiring in N.

Definition 7:  Subnet Activation Time (Nt (Xa)):

Nt;(Xa), representghe i th instanceof activationof a

subnetX, in net N.

Definition 8: QR Set: A transition, tj, is said to be

associatedvith a QR set,if thereexista setof disjoint

placesPg andPr suchthatPq is the setof placeswhich

inhibit t; and Pr is the setof placeswhich activatet;.



Definition 9: Dependentaind IndependentWDBs: Sup-
posethereexist3 WDB'’s X, Xg and X¢ belongingto
a MIMO subnetXimo Of a net N.

Then, X¢ is anindependentWVDB and X, Xg arede-
pendentWDBs if:

Vpi € Xa, p; € X, pr € Xc

Xe N X4 = Xe N Xp

=Py, 1<1<s, s<k, and

Xa N Xp= Py, 1<j<k, and
I(pm) € Prj:

L. e(pm) € Xu,

2. (pm)e € Xp,

3. (pm) & Pri,

W here,

s : #t resources shared by the W DBs,
k. Total # places shared by the W DBs.

Thatis, X¢ is not affectedby any sharedplacesf all the
sharedresourcesre availablefor its initiation, whereas
Xa and Xg are sequencedby a sharedplace.

(4).

The following arethenobservedrom the abovedefini-
tions regardingthe resourcep; € Py, 1 <i < s,andpp:

* p; is usedin the operationsof Net N outsideof X if
Xa, Xg aretemporallyspacedn N.

. Pm is usedin the communicatiorbetweenXa, Xg when
they are triggeredalternativelyor simultaneously(that
is, *(Xa) = *(Xg)) in N.

Moreover,it can be noticedthat the MIMO subnetin
Figure2b consistof 2 independensubnetsvhile the MIMO
subnef Figure2c consistf two dependensubnetswhich
sharea commonplacepq that determineshe livenessof the
MIMO subnet,and hencethe overall net.

Considerthenetin Figure3. Let X betheMIMO subnet
of anetN consistingof 2 WDBs X, and Xg suchthat Xa
and Xg are initiated by N at different time instances. Let
Xa and Xg encapsulate resourcerepresentedy a status
place pi € X.

The following facts canthenbe observed established:

Fact 1: A MIMO subnetis madeup of two or more
WDB'’s.

Fact 2: If aresourceor a setof resourcesjepresented
by a placep; is requiredin a higher level net (Net N in
Figure 3) thenthereexistsat least2 WDB'’s X, and Xg €
X, X € N andX € Ps, which oversegherequestandrelease
of theresource(sjvhenresourcdailure identificationis built
into the requestand releaseoperation.

Theorem1: A ssplaceis a WDB.

Proof. Theproofof thistheoremistrivial. Thisis becauséf

two ssplacespsd andpsd arecombinedusingtwo temporary
transitionsts andt; then one of the ss places,saypsd, can
be consideredo function asa WDB connectedwith a ss
place,psd. Equation2 holds for this combinednet.

Equivalent SISO Subnet X

MIMO subnet X
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Figure 4. MIMO — SISO Translation

Theorem?2: For everywell formedMIMO subnetsayXmimo,

there existsa well formedSISOsubnet Xgiso, that represents
the samesetof operations suchthat operationscorrespond-
ing to the individual WDB’s in Xmimo, Say h, correspondto

h branchegthat are activateddueto the firing of one of the

h transitionsthat are outputto the singleinput place,ps, to

Xsiso-

Proof. It is to berecalledthat H-EPNsallow the useof in-

hibitor andactivatorarcs. The MIMO-SISO transformation
is a 2—stepprocessasillustratedin Figure 4:

» Creating a SISO structure Remove all the input
placesof the WDBs and replacethem by a single
decisionplace, ps, with output arcsrunning from the
decisionplaceto all the output transitions,say t, €
Th, (Th is a setof transitions)of the placesremoved
. Removeall outputplacesfrom the individual WDBs
andreplacethemby a singleplaceps which will bethe
final outputplacefor all the WDBs. Thetransitionthat
this placewill fire atthe higherlevel neton completion
of the subnetoperationwill dependon the conjugate
placethat was simultaneouslymarked

* QR setdevelopment For eachtransitionin Ty, that
is outputto the placeps, the setQ consistsof all the
placesthat inhibit the transitionfrom firing, and the
set R consistsof the correspondingconjugateplace
(placeswith implicit activatorarcsto the corresponding
transtions)at the higher level net. SetsQ and R
may also containother constraintsthat can affect the
selectionof the particularwDB of the MIMO subnet.

Thus,thesenewtransitionswith QR setswill havetwo more
conditionsto satisfy before they are enabled[3]. These
conditionscorrespondo the activatingandinhibiting places
(all suchplacesmay not necessarilybe conjugateplacesat
the higher level net, they may also be other placesat the
higherlevel net) that are associatedvith the corresponding
transitions.

While using PN simulationtools that do not allow the use
of activator arcs, for simulation purposes,the following



approximationtechniquecan be used. The token from the

correspondingconjugateplacewill be removed(by means
of anordinaryarcddfinition from the conjugateplaceto the

correspondindransition)thusactivatingthe WDB andthen
reintroducedwhen the last place of the WDB is marked.
Thus, this will involve a simple graphicalmodification of

the H-EPN systemmodel.

Theorem3: LetN bethenetthatcontainsthe MIMO subnet
Xmimo With & correctinitial marking un,. Let Xa and Xg be
WDBsof X thatare SUCin N. Let Sbethenetobtainedafter
the SUC of Xa (or Xg). Then:

e Sis bounded< N is bounded.
. Sis live & N is live.
. Sis reversible< N is reversible.

Proof. Let us, be the correctinitial markingof S suchthat
for everyplacep; €Ps, psy(pi) = 1o(pi) andfor everyplace
Pi €PN, png(Pi) = po(Pi)-

Let Xa andXg subnetsn Xmimo € N, andlet X" and Xg’
be the correspondingonjugateplacesin N. Let ps, and pgy
be the starting placesof Xa and Xg in Xmimo- Let [Qa,
Ra] and [Qp, Ry] be the QR setsof (psg* and (psp)® in a
correspondingSISO transformation.

By Definition 5, X mimo is bounded|ive andreversible.Two
casesmay be distinguished. The WDBs Xa, Xg € Xmimo
may be either dependentr independentWDBs.

Casel: Xa, Xg € Xmimo areindependentWDBs. In
this case,there do not exist placesin Xmimo, Or the
equivalentX yiso, thatsequencehe subnetsX, andXg.

Let, P4 = Px,, Py = Px,
and Px = P4 U Pg,

N = Py U Ty, and

S = PyU Ty U Py ).
Vpi € Ps NPa, pso(pi) = pao(pi) = po(pi)
Vpj € Ps NPy, pso(p;) = pno(p;) = po(p;)
po(pi) and po(p;) are the correct initial
markings of X4 and N respectively.

Thus, since, X, Xg areindependeniWDBs

a. Sis bounded< N is bounded.
b. Sislive & N is live.
c. Sisreversibles N is reversible.

Case2: Xa, Xg € Xmimo are dependeniWDBs.
a. N is live, boundedandreversibleimplies that:

* Xa, Xg havean ordering (A, B), thatis, 3
a sequencef transitionsandplacesti, ps/?,
tie1, Pirly oveeeens I, ps® in N, suchthat:

o (pf,) = o(X}) =t

(Psu)e = (X))o = tip = e(piy1) ).

t; =

o(pen) = o(Xp).

e  Thus, Mi(Xa) < Mi(Xg) and Nt (Xa) >
Ni.
t|(XB)-

«  Xa"€ Qp, Xg’' € Qa Xa" € Ry, andXp’ €
Ry in the equivalentXgso transformation.

Thus,the SUCIin N alternatedpetweenSUC, and
SUGs. Thus, S is bounded)ive andreversible.

b. To provethatN is bounded]ive andreversibleif

Sis boundedlive andreversiblereferto Equation
5. S consistof placesandtransitionsfrom N and
Xmimo- If S is bounded,live and reversiblethen
Xmimo IS bounded live and reversible. And pso
(P) = pno () U pao (Pe), where,p € Ps, and
P € Pn andpe € Pa. Thus,if uso (pi) givesa
bounded,live and reversiblemarking for net S,
thenuno (pj) givesa bounded)ive andreversible
marking for net N.

3. Conclusions

A MIMO-SISO transformationrhasbeenestablishedn
this paperwhich providesflexibility to systemsmodeling
with H-EPNs. The analysisof MIMO netsare simplified by
the MIMO-SISO transformationthat is easily provided by
the H-EPN structure.
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